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ABSTRACT: In this work, static bending analysis of an isotropic rectangular plate subjected to uniform
distributed transverse loads is presented using displacement and refined shear deformation theory. This theory,
which is based on traditional higher-order shear deformation is applied in a bending analysis of a rectangular
plate. Total potential energy equation of a thick plate is formulated from the static elastic theory of the plate.
The coefficient of deflection and shear deformation were derived by subjection the total potential energy
obtained to direct variation. The objective of this study is to develop formula’s for calculation of the critical
lateral imposed load of the plate before deflection reaches the specified maximum specified limit q;, and
critical lateral imposed load before plate reaches an elastic yield point q;,. By solving the formulated
expression, the effect of stress and load distribution analysis of a mild steel rectangular plates with one edge
clamped and free and the other opposite edge simply supported (csfs) and clamped supported at second and
fourth edge, simply supported at first edge and free of support at third edge (scfc) were analysed and
compared. The essence is to ensure that deflection does not exceed specified maximum limit and the plate
shear not exceeding the elastic yielding point. Furthermore, this approach overcomes the challenges of the
conventional practice in the structural analysis/design which involves checking of deflection and shear; the
process which is proved unreliable. It is concluded that the values of critical lateral load obtained by this
theory achieve accepted transverse shear stress to the thickness of plate variation and satisfied the vertical
flexibility of condition of the plate while predicting the bending behavior of an isotropic rectangular csfs and
scfc plate.
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1. INTRODUCTION

The importance of plate structures in aerospace, aeronautic, automotive, military and structural
engineering cannot be overemphasized. In structural engineering, they can be used as bridge deck, retaining
wall for water retaining structures, panel for building slab, ship hull and spacecraft. Isotropic plates refer to
plates whose material properties in all directions at a point are same while anisotropic or orthotropic plates
refer to plates whose material properties are direction dependent. With increasing use of isotropic plate
material, the need for an improved approach for load analysis is now easily discovered. In such materials, the
transverse shear stresses and strains which were induced by the applied load intensification affect the bending
characteristics. To analyze the bending due to the applied load, the value of the critical load which efficiently
causes the plate structure to be unstable as per equilibrium should be developed and evaluated. Critical Load
is defined as the highest loading value, which will not cause any lateral deflection or tangential deflection on
the structure. When the critical load exceeds the design load of the structure, it will be in deflecting position
[14]. As the load is increased beyond the critical load the lateral deflections increase, until it may fail in other
modes such as yielding of the material [16]. To avoid failure happening within the structural member,
analytical approach to bending behavior is necessary.

Since the classical plate theory (CPT) [17-18], which did not account for transverse shear effects proved
unsatisfactory when applied to the isotropic plate analysis with large shear stress, shear deformation theory is
obligatory.

Many shear deformation theories have been developed by many researchers; Reddy, Sayyad and Ghugal
[3-6, 7-8, 9] developed a more accurate solution which considers the effect of shear deformation (TSDT,
HSDT and ESDT respectively) to predict the bending and free vibration behavior of thick isotropic plates
under uniformly distributed lateral load.

In [6], the authors applied the trigonometric shear deformation theory (TSDT) for the analysis of
rectangular plates. Their theory and others [1- 4] incorporates the effect of transverse shear stress and shear
deformation in the analysis. Results obtained using the above theory shows slight errors in predicting
responses of the lateral load on the structures.

Polynomial displacement functions [16] can be applied successfully to solve CCCC and CCFC



boundary condition of thick rectangular plate; a feat that could not be easily achieved using trigonometric,
hyperbolic and exponential shape functions. It will contribute in addressing the problem of dearth of literature
on the function of polynomial displacement functions. Scholars and practicing engineers will assess, apply and
sustain trust in their works/designs. Thereby the psychological trauma due to doubt or not too sure of ones
works using Fourier series to analyze thick plates will be done away with.

In [15], the authors used the polynomial shear deformation theory (PSDT) for the analysis of rectangular
plates. Their theory incorporates the effect of transverse shear stress and shear deformation in the analysis.
Results obtained using the theories did not introduce much error in the analysis, but it ended up determining
the displacements, moments and stresses that may occur due to the applied load without obtaining the critical
lateral load in predicting responses of the applied load which can lead to failure on the structures.

In [16], the authors used nonlinear strain-displacement polynomial shape function of third order shear
deformation theory for rectangular thick plate analysis under uniformly distributed load. They determine
imposed load that causes deflection of rectangular plates with all four edges clamped (CCCC) and plate with
free of support at third edge and the other edges clamped (CCFC) rectangular thick, but did not obtain for
other type of plate.

In this work, the static bending analysis of an isotropic rectangular plate subjected to uniform distributed
transverse loads was presented using displacement and refined shear deformation theory. This theory which is
based on traditional higher-order shear deformation was applied in a bending analysis of rectangular plate with
one edge clamped and free and the other opposite edge simply supported (csfs) and clamped supported at
second and fourth edge, simply supported at first edge and free of support at third edge (scfc) to determine
effect of stress and load distribution analysis on an isotropic rectangular plate.

2. DISPLACEMENT AND CONSTITUTIVE RELATIONS
The elastic plate under lateral loading as shown in Figure 1 was used to obtain the displacement — strain
relationships in terms of curvatures.
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Figure 1: Rectangular plate under bending subjected to uniformly distributed load

The deflection and in — plane displacement functions (w, v and u) of the plate were obtained from the
displacement-strain relations and stress-strain relations. Taking a rectangular plate subjected to uniformly
distributed load as shown in Figure 1, the corresponding relationship was demonstrated by applying hooks law.

The inplane displacement components along x-axis and inplane displacement components along y axis as
presented in the equation (1.0) and (2.0) respectively:

zdw
u= W'F F.st 1

zdw
v = W—l— F'Gsy 2
Where:
F=F(2) andw = w(x,y)

3 473

F(Z) = E Z —ﬁ (see [13]) 3
Where:

the symbol u denotes inplane displacement in x axis
the symbol v denotes inplane displacement in y axis
the symbol w denotes deflection



the symbol F(z) denotes Shear deformation profile
the symbol 6, denotes shear deformation rotation along x axis
the symbol 6s,, denotes shear deformation rotation along y axis

The three displacements of thick place assumed to involve the deflection, w(x,y) and the two inplane
displacements, u(x,y,z), and v(x,y,z) was used to establish the constitutive equations of the rectangular plate.

The constitutive equations for five stress components are:

_ Ez —d*w N Fdés, N d*w N Fd#, A
Tz u2\\ dx? dx K dy? dy
Ez d*w  Fdbs, d*w  Fdbs,
= - 5
% 1—/12(( dy2+ dx >+H<dx2+ dy )
Also, from known state Equation,
E(1- z0%w do dé
Ty = ( g) - +F (24— 6
1-u? dxdy dy dx
Similarly,
E(1—p) [zd*w dbg, dbs,
= F 7
txz (1—pu? <6x62 + ( dz + dx )
Also,
E(1- z0%w de de
Tyz — ( .u) +F Sy + Sz 8
(1 —p?) \ dyoz dz dy
_E(ex +pey)
T 9
Similarly reasoning in y direction, we obtain:
_E(gy +pey) 10
y = 1— #2
Similarly reasoning in z direction, we obtain:
E(e; + pey)
0z = 1——IJZ 11
Similarly;

Txy = 2(1 _I_#)-yxy
E

=—. 12
TXZ 2(1 + ‘u) yXZ
E
Tyz = 577 L~ Vyz 13
2(1+p)
Where:

the symbol u denotes poison ratio

the symbol E denotes modulus of elasticity of the plate
the symbol o, denotes stress normal to x axis

the symbol g, denotes stress normal to y axis

the symbol 7,,, denotes shear stress along x-y axis

the symbol t,, denotes shear stress along x-z axis

the symbol 7,,, denotes shear stress along y-z axis

3. DIRECT GOVERNING ENERGY EQUATION

The direct variational method is used to obtain the direct governing differential equation by
differentiating the total potential energy with respect to the coefficient of deflection A,, coefficient of shear
deformation with respect to x-axis A, and coefficient of shear deformation with respect to y-axis A4,,.
The total potential energy functional (IT), the deflection and in — plane displacement functions
(w, v and u) of thick isotropic plate were derived [13], as;
n=Uu+Vv 14



given that U and V are the strain energy and external work respectively, let;

a rb
V=jfqu%wM®
0 0

Where;
q is the uniformly distributed load

t
1(((2

U= Efff t(0x€x+ay€y+rxy]/xy t TazVaz T Tyz]/yz)dxdydz
2

Where:

the symbol &, denotes normal strain along x axis

the symbol ¢,, denotes normal strain along y axis

the symbol y,,, denotes shear strain along x-y axis

the symbol y,, denotes shear strain along x-z axis

the symbol y,,, denotes shear strain along y-z axis
Substituting the values of oy, &, 0, €, Txy Yy Txzs Vaz
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given that D is the Rigidity, let;
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4. Direct Governing Equation
The direct variational technique is utilized to ob
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tain the direct governing differential equation by

differentiating the total potential energy with respect to the coefficient of deflection A, coefficient of shear
deformation with respect to x-axis, A, and coefficient of shear deformation with respect to y-axis, A4,
The non-dimensional values of quantities along the x- and y-axis respectively is presented as follows, let:

x =aRandy = bQ
The length to breath aspect ratio is

b
x=—
a - - -
and the span to thickness ratio is
a
=y

23

24

25



The deflection, w is the product of shape function of the plate and deflection coefficient, expressed as:
w = h. A 26
As is the coefficient of deflection and h is the plate shape function.

The shear deformation rotation along the x-axis and y-axis, respectively become:

dh
5. = [ 3] 14 27
dh
Osy = @] [Ay] 28

Given Ax and Ay are the shear deformation along x and y axis respectively. By substituting equations (18),

(23), (24), (25), (26) and (27) into Eq. (17), gives Eq. (29).

Et? 11 22h\’ 22h\’ 22h\’
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Thus, differentiating the total potential energy equation (Eqg. (29)) with respect to A, A, and A,,, gives:
731 GG ) | GG ) |

= =— = 30
0A; 04, 04,
Gives:
T Tz T3] |4s qa* kg,
o1 Top Taz||Ax| = o 0 31
r31 T3z T33l|A4, 0
Let:
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1
r12 = _gz (k1 + @kz) 33
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1+ 39

32 = J3

202 2
Q-1 1 (1—p)
r33 = (937(@"24'@’%) +94W‘02k5 40
And
( R2> dRdQ 41a
d?
k, = J. f (d Q) dRdQ 41b
d
k; = f f (d—> dRdQ 41c
d
k, = J. f d_R dRdQ 41d
dh
J- f dRdQ 41e
ky = f J- h.dRdQ 41f
0 Jo
Thus;
T91.T33 — To3.
T, = 21-133 23-131 42a
T22-T33 — 123.733
T91.T35 — Too.
T, = 21-T32 = 122:731 42b
T23.T32 — T22.733
And Therefore;
a* k
A, = q_( a ) 43
D \r Ty, — 15T, — 14375
That is:
- =)
A = 44
D \ryy —1,T, — 14375
Where
T,=1 45
Recall;
4
A, =2 46
s D
Where;
= Ee” 47
S 12(1-p?)
k
k=2 48
kr
2 1
kT=k1+§k2+Fk3 49

5. FORMULATION OF THE CRITICAL LATERAL IMPOSED LOAD IN THE RECTANGULAR

PLATE
The formulae for calculating the critical imposed load before deflection reaches specified maximum

limit, g ;, and its corresponding critical lateral imposed load of the plate before plate reaches elastic yield
stress, q ;, is developed using equation established from the previous sections.
To ensure that the critical lateral load the plate is determined before it reaches yielding, recall that;

w=Ah <w, 50

12(1 — u®)ga* k
Sl ( 4 ).h <w, 51
Et3 111 — 1Ty — 11375

where,



w, = Allowable deflection
given that wa is the allowable deflection. Let,

q=v +quw 52
This gives:

Wy (11 — 112 T, —113T5)
Tw <EC = ket 53
where;
y = Self weight of the plate
And,

q iw = Critical Imposed load of the plate
Also, to ensure that the critical lateral load the plate is determined before it reaches yielding; recall that:

t
1 2
U = Efff tn dxdydz 54
2
where;
N= 0xEx+OyEy s TxyVuy T TuzVaz T TyzVyz 55
Therefore:
1
n= A [0,%— noyoy— noyoy, + 0,2 + 2(1 + Wty + 2(1 + W7y,% + 2(1 + 1,7 56
This gives:

1
n=— [0,2— uoyoy— poyoy, + 0,2 + 2(1 + Wty + 2(1 + w1y, + 2(1 + W1,,,2] <Ny 57

Let:
Ox — WOy
=— 58
i 0 E,ua
Yy = X
=—7" 59
N 2 1E
+ wt
Yey = ( D) xy 60
Similarly,
21+ wr
Yey = ( E.u) xz 61
Also,
2(1+ Wt
yyz = % 62
Ny = yielding point of the plate.
For a bar,
let oy = fyand oy = T,y = Ty, =Ty, =0
Therefore;
2
n<ng> Iy 63
Putting Equation 57 into 63; we have:
1 2
A [0,2— 2u0,0, + 0% + 2(1 + @1y % + 2(1 + 07,2 + 2(1 + w1y,%] < fg 64
Let,
Oy = N0y 65
Tyy = N0y 66
Tyz = N30y 67
Tyz = NyOy 68
Therefore, substituting Equations 65, 66, 67 and 68 into 64, we have:
o, < /Y _ 69
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By simplifying equation 1 and 6, the value of ¢, becomes;
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By equating equation o0 69 and 70, we have:
12.qa%. k



This gives:

0, < ]% 72
3
This gave:
o = qa*Ez@, ( kg, > 73
(1= p?)D o\ Ty — 13, T, —113Ts
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4
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6, = d*h  u d*h 75
2= \ar? "o aq?
and,
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From Equation 71, we get expression for g as:
< e 77
112 a2 k2. ?,.05
Let;
q=qq tqp 78
Substituting Equation 78 into 77 gives:
fyt®
qip < k —4qaq 79
12. az.k—q.z. ?,.0,
T
This gives:
kpfyt3
rfy —yt 80

U0 <12 a2 k,.2.9,9

q ip = critical imposed lateral load before plate reach yield stress; fy = strength
i is the specific thickness and qd is the self-weight of the plate and;

q 4 = Self weight of the plate

6. NUMERICAL PROBLEM
The particular shape function for rectangular plate with their respective boundary is shown in figure 2
and figure
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Figure 2: CSFS Rectangular Plate
I |
| a |
__ 0/ - R
2 %
L
2 %
Z Z g

L
b e %z
~ L
Z cr
Zk Z
2 ~




Figure 3: SCFC Rectangular

Considering the figure 2 and 3, the numerical analysis of CSFS and SCFC rectangular plate at various
span-thickness ratios are presented in Figure 4 to 10 and Figure 11 to 14 respectively.

A fourth order polynomial displacement function for the analysis CSFS plate was derived as presented
in Equation 81:

7 10 10
w = (Fgy.bs) [(R2 —2R®+ RY) x (?Q - ?Q3 + ?Q“ - Q5>] /8640 81
Let the amplitude,
(Faa X Fps)
—ar" 0% 2
s 8640 8
And shape function;
7 10 10
h=(R? - 2R+ R4)x<?Q—?Q3+?Q4—Q5) 83

Also, a fourth order polynomial displacement function for SCFC plate was derived for the analysis as
presented in Equation 84:

Faa X b
= ‘g’TOS(R — 2R3 + R*) x (2.802 — 5.2Q3 + 3.80* — 0°) o
Let the amplitude,
_ Fay X bs
S 8640 -
And shape function;
h=(R—2R?*+ R%) x (2.80% —5.20° + 3.80* — Q°) iy

2.3.2. Direct Governing Equation

The direct variational technique is utilized to obtain the direct governing differential equation by
differentiating the total potential energy with respect to the coefficient of deflection A, coefficient of shear
deformation with respect to x-axis, A, and coefficient of shear deformation with respect to y-axis, A,,.
The non-dimensional values of quantities along the x- and y-axis respectively is presented as follows, let:

x =aRandy = bQ 87
The length to breath aspect ratio is
b
X =— 88
a
and the span to thickness ratio is
a
=- 89
p t

The deflection, w is the product of shape function of the plate and deflection coefficient, expressed as:
w = h.Ag 90

As is the coefficient of deflection and h is the plate shape function.

The shear deformation rotation along the x-axis and y-axis, respectively become:

6. RESULTS AND DISCUSSIONS

The values of stiffness coefficient (kq, ks, k3, k4, ks and k,) obtained from Eq. (41a) to Eq. (41f) are
presented in Table 1.



Table 1: Values of Stiffness Coefficient, k for Various Support (boundary conditions)

TYPE | PLATE ky k, ks k, ks k,
1 CSFS | 0.3284779 | 0.0919002 | 0.1286676 | 0.0332388 | 0.00931015 | 0.0453
2 SCFC | 0.6709636 | 0.0405139 | 0.0060469 | 0.0159754 | 0.00337617 | 0.0278

From the numerical analysis obtained as presented in the figure 4 to 14, it is if found that as the
specified thickness (t) of plate increases, the value of critical lateral imposed load (q;,, and q;,) increases.
This implies that as we increase the thickness of the plate safety is ensured in the plate structure.

Figure 4 to 14 presents the result of CSFS plate with span of 1000mm, 3000mm and 5000mm at
allowable deflection of 1mm, 3mm and 5mm at 5mm, 7.5mm, 10mm, 12.5mm and 15mm specified thickness.
From the result, the value of q;,, and q;, is between —1.1446 N/mm to 53.413 N/mm and —0.1335 N/
mm to 68.517 N/mm been the highest and lowest value at respectively. From the Figure, it is seen that the
values of critical lateral imposed load q;, and q;,, decrease as the length-width ratio increases, this continues
until failure occur. This showed that the greatest failure ( at — 1.1446 N/mm) occur at span to breadth ratio
and allowable thickness of 2 and 15mm respectively. This means that an increase in plate length increases the
chance of failure in a plate structure.

Looking closely at Figure 4 (CSFS plate with span of 1000mm at allowable deflection (w,) value
between 1mm to 5mm). It is found that failure of critical lateral imposed load (q;,) only occur at thickness of
5mm which is between length to width ratio of 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.8, 1.9 and 2 only with value of -
0.0266N/mm, -0.0582N/mm, 0.0808N/mm, -0.0976N/mm, -0.01103N/mm, -0.1202N/mm, -0.1280N/mm, -
0.1343N/mm, -0.1395N/mm and -0.1438N/mm.
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Figure 4: Graph of critical lateral imposed load versus length to breadth ratio of CSFS plate for span, a =
1000mm at w, = 1.0mm

Looking closely at Figure 5 to 7 (CSFS plate with a span of 3000mm at allowable deflection (w,) value
between 1mm to 5mm). It is found that failure of critical lateral imposed load (q;,,) only occur at thickness of
1mm and 5mm which is between length to width ratio of 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.8, 1.9 and 2 for all
specified thickness value. This shows that the value of critical lateral imposed load (q;,,), while the critical
imposed load (q;,,) remains positive (safe). This means that an increase in the value of the specified deflection
failure tendency of the plate structure.
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Figure 5: Graph of critical lateral imposed load versus length to breadth ratio of CSFS plate for span, a =
3000mm at w, = 1.0mm
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Looking closely at Figure 8 to 10 (CSFS plate with span of 5000mm at allowable deflection (w,) value
between 1mm to 5mm). It is found that failure of critical lateral imposed load (q;,, and q;,) occur at specified
thickness 5mm and 7.5mm which is between length to width ratio of 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.8, 1.9 and 2
for all allowable deflection value while critical lateral imposed load (q;,,) only occur at other thickness at all
length to width ratio and allowable deflection. The negative value of critical lateral imposed load q;,, (and
positive value of q;;,) only reveals that the plate fails in g;,, for the entire plate w, (Imm to 5mm) and span of
1000mm to 5000mm. This means that the plate structure is not safe and required maintenance. The negative
value of critical lateral imposed load (q;, and q;,) reveals that the plate fails in both q;,, q;, for the entire
plate w, (Imm to 5mm) for all types of plate. This means the total failure plate structure and this lead to
collapse.
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Figure 8: Graph of critical lateral imposed load versus length to breadth ratio of CSFS plate for span, a =
5000mm at w, = 1.0mm
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Figure 10: Graph of critical lateral imposed load versus length to breadth ratio of CSFS plate for span, a =
5000mm at w, = 5.0mm

Similarly, Figure 11 (SCFC plate with span of 1000mm at allowable deflection (w,) value between
1mm to 5mm). It is shown that failure neither occurs on g, nor q;, at any thickness of and length to width
ratio. This implies that the structure is safe.
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Figure 11: Graph of critical lateral imposed load versus length to breadth ratio of CSFS plate for span, a =
5000mm at w, = 3.0mm

Looking closely at Figure 12 to 14 (SCFC plate with span between 1000mm and 5000mm at allowable
deflection (w,) value between 1mm to 5mm). It is finds that failure on q;,, only occurs at all length to width
ratio (1 to 2) between value of -1.1125N/mm and -0.3717N/mm at all thickness. The negative value of critical
lateral imposed load g, (and positive value of q;,) only reveals that the plate fails in q;,, for the entire plate

w, (5mm to 15mm) and span of 3000mm to 5000mm. This means that the plate structure is not safe and
required maintenance.

©—qw @ t =5mm ©=0gx @ t=5mm ©—qw @ t=10mm ©—=gx @ t=10mm
©—-qw @ t=12.5mm © gx @ t=12.5mm ©—=qw @ t = 15mm =©—=qgx @ t=15mm
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Figure 12: Graph of critical lateral imposed load versus length to breadth ratio of SCFC plate for span, a =
1000mmat w, = 1.0mm
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Figure 13: Graph of critical lateral imposed load versus length to breadth ratio of SCFC plate for span, a =
1000mm at w, = 3.0mm
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Figure 14: Graph of critical lateral imposed load versus length to breadth ratio of SCFC plate for span, a =
1000mm at w, = 5.0mm
From that table it is observed that the value of q, if greater than that of q;,,, this is because the failure
of plate in q;;, means total failure, but that of g, is like a warning requesting maintenance.
The positive value of critical lateral imposed load q;, and q;, for other types of plate reveals that the
plate neither fail in q;,, nor in q;;, for plate all span at allowable deflection, w, of 2000mm to 5000mm for the
two boundary conditions into consideration. This means that the plate structure is safe.

7. CONCLUSION

It is concluded that the values of critical lateral load obtained by this theory achieve accepted vertical shear
stress to the thickness of plate variation and satisfied the transverse flexibility of condition of the plate while
predicting the bending behavior of an isotropic rectangular CSFS and SCFC plate.
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